The aim of the present work is to develop a model for representing lift, drag, and pitching moment coefficients of a wing and/or flight vehicle in ground effect when the height is a function of time. By assuming that the airplane is a rigid-body, the altitude variations are sufficiently small that the flow density, the kinematic viscosity, and the dynamic pressure remain constant, and by including the non-dimensional height into the aircraft states, it was possible to obtain a general longitudinal aerodynamic model of an airplane in ground effect. In this model, the non-dimensional stability derivatives are functions of the non-dimensional height, and the nonlinear effects in ground effect are represented by a group of terms, which are equal to zero in steady flight close to ground. Three cases are considered to represent the nonlinear effects that occur in a dynamic ground effect phenomenon: 1) They can be represented by the h derivative, 2) the h derivatives are also functions of the angle of attack, and 3) there is an additional term to represent the unsteady flow effects. It is concluded that the non-dimensional h derivatives are linked to a specific history of the flight path or trajectory due to the flow downstream.
I. Introduction
ERODYNAMIC forces and moments of a flight vehicle are functions of many variables, and each of these forces and moments can be expanded in a Taylor series about a reference condition resulting in an equation system. 1, 2 For quasi-steady flow, only linear elements are sufficient for a good representation of the forces and moments, but in unsteady flow, it is necessary to extend the linear model by adding nonlinear terms to create a nonlinear model. 1 These equations are dependent on non-dimensional stability and control derivatives, which have to be obtained carefully in order to guarantee the accuracy of the solution.
The ground effect is a phenomenon in which ground plane influences the flow field around a body, when it flies in proximity to the ground. The ground distance or height is relatively small respect to the dimensions of the body, and the aerodynamic characteristics change considerably respect to free flight in ground effect. 3 The classical approach in ground effect is to analyze the flow field around airfoils, wings, aircrafts, and/or ekranoplans at constant height aboveground. 4 During takeoff and landing, airplanes vary height aboveground as a function of time, which could produce changes in the aerodynamic forces and moments due to an unsteady flow phenomenon referred to as unsteady or dynamic ground effect. 5 Chen and Schweikhard 5 investigated the variation of the aerodynamic characteristics due dynamic ground effect using a quasi-vortex lattice method and the image method by simulating a thin airfoil in constant sink rate, varying rate of descent and climb. This was the first research that shows variations between the aerodynamic coefficients obtained in steady ground effect and those achieved in dynamic ground effect, reporting that the correlation between the unsteady and steady lift coefficient varies with the initial angle of attack. The unsteady vortex lattice method with deformable wake and the image method were employed by Nuhaid and Zedan 6, 7 to study a two-dimensional flat plate and a flat plate with flap, and report that the lift and pitching moment coefficients in constant sink rate (unsteady condition) are larger than these coefficients in static ground effect. Numerical simulation by the finite volume method was applied to simulate a NACA4412 airfoil in constant sink rate, 8, 9 and similar observations to those in Refs. 6,7 were achieved when the height to chord ratio is lower than 0.5. Based on the same numerical scheme, Qu, et al 10 simulated a NACA4412 airfoil in constant climbing acceleration and concluded that the lift in dynamic ground effect during climb can be approximated by that in static ground effect for the same height aboveground and angle of attack.
Wind tunnel tests of low aspect ratio wings (among these the XB-70 and F-104A wings) at constant rate of descent show that lift coefficient increments in steady ground effect are larger than those in dynamic ground effect with flight path angles equal to -2 deg when the height ride decreases. 11 Nuhait and Mook 12 simulated, using an unsteady vortex lattice method, a group of low aspect ratio flat wings of rectangular, trapezoidal, and delta planforms and reported that the lift, induced drag and pitching moment coefficients obtained at a constant sink rate are larger than those calculated at same height respect to the trailing edge. Then, Nuhait 13 presents the results of simulating low aspect ratio cambered wings (RA≤4) at the same condition and reports that the higher the rate of descent, the lower the effect of ground proximity. Curry 14 shows that lift and drag coefficients of an F-16XL aircraft obtained via flight-testing in landing at constant sink rate and flare with flight path angles of -2 deg are larger than those coefficients obtained at static ground effect. Later flight tests on a Tu-144 transport airplane do not show differences between unsteady and steady data. 15 Graves 16 presents that the data estimated by wind tunnel testing for static runs are less than the dynamic results at constant rate of descent, although these are relatively close between them. In this report, the results for an elliptic wing of aspect ratio equal to seven with NACA0012 airfoil section, Tu-144 wing, and Technical Configuration Aircraft (TCA) planform, the last two both with biconvex airfoil, are shown. Schmid, Lutz and Krämer 17 present the results from unsteady panel method in rectangular wings of aspect ratio equal to 3.1 and 4 form with NACA4415 and NACA0012 airfoil sections, respectively, in constant sink rate and show that the higher the sink rate, the larger the lift coefficient increments. A rectangular wing of high aspect ratio in flare and constant sink rate was simulated by Quijada and Boschetti 18 using an unsteady panel method with vortex-ring elements, and the absolute value of the aerodynamic coefficients at constant rate of descent obtained are higher than those values attained at steady condition. As shown, there is no general agreement about the behavior of the aerodynamic coefficients of a three-dimensional wing and/or airplane in approach to the ground in dynamic ground effect, and it seems that these depend on the specific configuration and maneuver. Table 1 summaries these studies in three-dimensional flow.
Rohlf and Friehmelt 19 used a system identification procedure that leads to dependable identification results that are suitable to re-simulate flight data throughout the entire flight regime including takeoff and landing. These maneuvers, which involve dynamic ground effect, lift, drag, and pitching moment coefficients obtained in flight tests A American Institute of Aeronautics and Astronautics 3 present a difference with respect to those predicted by wind tunnel testing and computational fluid dynamics. These differences were linked to the angle of attack and to a hyperbolic function of height. Boschetti and Cárdenas 21 proposed that these differences or errors are equal to the product of the non-dimensional h derivative and the non-dimensional height.
Boschetti, Quijada, and Cárdenas 20 developed a nonlinear model of a wing in dynamic ground effect to model flare and descent at a constant sink rate, finding that each maneuver needs a specific model. Both models are based on a Taylor series expansion where the coefficients are functions of a non-dimensional height, and these differ in the values assigned to the h derivatives at each ground height, because these values depend on the maneuver or flight path history. Ekranoplans (also known as Wing-in-Ground Effect vehicles, WIG) fly close to ground with relative small variation of height during flight. Publications on the flight dynamic of these vehicles 22, 23 show that the variation of height (or vertical motion) is principally unsteady, and the force coefficient depends on the height of flight, and due to the ambiguous definitions of the angle of attack in this condition, this is excluded from the aerodynamic model equation and replaced by the pitch angle. Therefore, the h derivatives are also presented in this model.
The h derivatives define the variation of the aerodynamic coefficients as functions of height and can describe the effects in ground proximity. 24 It assumes that these must have the same value for each height and be independent of the flight condition. However, the results presented by Boschetti et al, 20 show that the h derivatives achieved using the values obtained in flare and at a constant rate of descent are not equal and the dispersion increases as the wing approaches the ground.
Consequently, it is necessary to determine the variables that are influencing the non-dimensional h derivatives, and to develop a model to represent the lift, drag, and pitching moment coefficients of a wing and/or flight vehicle in ground effect when the height is a function of time.
II. General Aerodynamic Model of an Airplane in Ground Effect
In this general model, the airplane is assumed as a rigid-body, and the altitude variations are sufficiently small that the flow density, kinematic viscosity, and dynamic pressure remain basically constant. 25, 26 According to Tobak and Schiff, 26 the aerodynamic coefficients could be formulated as Eq. (1), when these coefficients are considered as singlevalue functions of the airplane states α, β, h, p, q, and r.
Where Ca(t) is the aerodynamic coefficient, Ca(0) is the value of the aerodynamic coefficient at initial steady-state conditions, and Caξ(t) is a vector of indicial functions, and each element of the vector is the response of Ca to a unit step in an element of ξ. 1, 25 The vector ξ includes the non-dimensional height and is expressed as
Equation (1) 
is the deficiency function, which approaches zero as (t-τ)→∞.
1,25 . 25 Assuming that the coefficients Ca are linearly dependent on the angular rates ξ2, and applying a Taylor series expansion about ξ2=0 to the terms in Eq. (3), and keeping only the linear terms,
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Considering small perturbations in the state variables from the steady-state conditions, 25 and the steady state coefficients are assumed to be dependent on non-dimensional height and independent of α and β, Eq. (6) could be simplified as
A longitudinal aerodynamic model is achieved when the aerodynamic coefficients are expressed in terms of α, q, and h,
The unsteady term related to the angle of attack is simplified as follows,
The resultant general longitudinal aerodynamic model of an airplane in ground effect is
In this model, the non-dimensional stability derivatives are function of the non-dimensional height and the right hand terms in the equation represent the nonlinear effects in ground effect. In a steady flight (dH/dt=0) close to ground, the right hand terms are equal to zero.
Three cases are considered to represent the nonlinear effects that occur in the dynamic ground effect phenomenon.
A. First Case: The h derivatives are linked to nonlinear effects in dynamic ground effect
It is assumed that nonlinear effects in dynamic ground effect only are represented by the h derivative term, as shown Eq. (11).
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Boschetti et al, 20 previously presented this case, and they concluded that the h derivatives are linked to the nondimensional height and maneuver type.
B. Second Case:
The h derivatives are functions of h and α Figure 1 presents the general notation for an airfoil, wing and/or airplane in ground effect. The angle of attack is the addition of the initial angle of attack and the angle of attack as a function of time 5 for a wing in ground effect when the height changes as a function of time (or dynamic ground effect),
Therefore,
Consequently, the h derivatives are functions of the non-dimensional height h and the angle of attack α, and the aerodynamic model is expressed as 
C. Third case: An additional term represents the unsteady flow effects
The unsteady term related to the non-dimensional height is simplified as follows, American Institute of Aeronautics and Astronautics
Knowing that h=H/ c and
, and for small flight path angles (γ≤3 deg)
The resultant non-linear model, which considers unsteady flow effects with the addition of a term, is
III. Linearized Longitudinal Equations of Motion
The aerodynamic model previously obtained can be used to obtain linearized longitudinal equations of motion that consider nonlinear effects that occur in the dynamic ground effect phenomenon. Knowing that the basic equations of motion of forces and moment of an airplane are, 
Considering that  is small and the products of the variations are negligible, the resultant linearized equations of motion are,
The aerodynamic model in Eq. (20) is expressed in dimensional form by stability axes,
Assuming that there are small disturbances in the state variables, 
It is necessary to add the known relations: (27) Then, the longitudinal equations of motion are written in state space form neglecting the contribution of Xq, Zq, w X  , and When θ0=0, Eq. (29) turns into the equation system presented by Boschetti and Cárdenas, 21 which is derived from Etkin's early equation. 24 Owing to Eqs. (11), (16) and (20) are nonlinear because their coefficients are functions of the non-dimensional height, and in some cases of the angle of attack, the resultant equations of motion shown in Eqs. (28) and (29) represent a nonlinear system.
IV. Case Study
Previous data for a rectangular wing of aspect ratio of 8.5877 in flare and constant sink rate maneuvers 20 are used to study the second case model developed in section II of this paper. The first case, nonlinear effects in dynamic ground effect due to h derivative, was previously analyzed in Ref. (20) , and for this reason, it is not discussed in this paper. To study the second case, the h derivatives for flare maneuver at initial angle of attack equal to zero must be compared with those ones obtained for constant sink rate maneuver at the same heights and (real) angles of attack. Figures 2 to 4 show lift, drag and pitching moment coefficients, respectively, of the wing in both maneuvers at different initial angles of attack and γ0=−2.5 deg. These values were obtained by a panel method code capable of simulating unsteady, incompressible and inviscid flow. 20 The code solves the Laplace equation to compute the flow field, satisfying the no-penetration boundary condition, the Kutta condition, and the flow disturbance diminution far from the wing. 28 The code uses as a singularity the vortex- ring elements described by Katz and Plotkin 28 A free deformable wake is accomplished by the time-marching method, 29 and the ground plane is modeled by the image method. 28 The solution of the discrete equation for the nopenetration boundary condition is used to obtain the strength of each panel. These values are employed to calculate the pressure between the upper and lower surfaces, and the forces and moments are estimated by pressure integration. 30 The lift, drag and pitching moment coefficient values obtained at constant sink rate presented in Figs. 2 to 4 were used to create polynomial equations capable of representing these coefficients as functions of nondimensional height and angle of attack using the "cftool" command of Matlab®. Then, the values of these coefficients were calculated at the same angles of attack that the wing attains during flare maneuver at each height with α0=0. Figures 5 to 7 In order to compare the stability coefficients in Ref. 20 , the low order panel code CMARC was used to estimate the stability coefficients for the same wing at different heights. CMARC simulates three-dimensional arbitrary configurations in inviscid, irrotational and incompressible flow by the Laplace equation, and the ground effect is modeled by the image method.
31 CMARC solves unsteady flow by time-stepping wakes.
31 Table 3 presents the stability coefficients achieved by both panel codes. It is observed that the values of the lift coefficients at zero angle of attack and of the lift slopes estimated for both panel codes are in close agreement; however, the other stability coefficients have significant difference among them. The panel code used in Ref. 20 models the wing as a flat cambered surface and CMARC as a three-dimensional surface; this could mean that the thickness is an important factor in ground effect modelling. According to Jategaonkar, 32 in ground effect variations of aerodynamic coefficients in subsonic flow are functions of angle of attack, height and flight path angle. Curry 14 wrote about lift coefficient in dynamic ground effect, "(it) is not a simple function of instantaneous flight path angle but is more sensitive to the history of the trajectory." The angle of attack varies with the flight path angle (γ(t)), consequently, the non-dimensional h derivatives are linked to a specific history of the flight path or trajectory due to flow downstream. Therefore, based on Eq. (17), the resultant model is 
The third case has two terms related to variation of height, and they do not consider the history of the trajectory. To analyze this case, additional aerodynamic data at different flight path angles are required.
V. Conclusions
Studies in dynamic ground effect do not present a general agreement about the behavior of the aerodynamic coefficients of a three-dimensional wing and/or airplane in approach to the ground when the height varies as function of time, but it seems that these depend on the specific configuration and maneuver.
By assuming that the airplane is a rigid-body, the altitude variations are sufficiently small that the flow density, kinematic viscosity, and dynamic pressure remain constant, and by including the non-dimensional height into the aircraft states, it was possible to obtain a general longitudinal aerodynamic model of an airplane in ground effect. In this model, the non-dimensional stability derivatives are functions of the non-dimensional height, and the nonlinear effects in ground effect are represented by a group of terms, which are equal to zero in steady flight close to ground. Three cases are considered to represent the nonlinear effects that occurs in the dynamic ground effect phenomenon: 1) They can be represented by the h derivative, 2) the h derivatives are also functions of angle of attack, and 3) there is an additional term to represent the unsteady flow effects. The linearized longitudinal equations of motion obtained with this aerodynamic model represent a nonlinear system.
A case study developed in a rectangular wing in dynamic ground effect demonstrated that another variable is influencing the h derivatives. Then, since the angle of attack varies with the flight path angle, it can be concluded that the non-dimensional h derivatives are linked to a specific history of the flight path or trajectory due to flow downstream. 
